Consider n ≥ 2. In this paper we prove that the group PU(n, 1) is 1-taut. This result concludes the study of 1-tautness of rank-one Lie groups of non-compact type. Additionally the tautness property implies a classification of finitely generated groups which are L 1 -measure equivalent to lattices of PU(n, 1). More precisely, we show that L 1 -measure equivalent groups must be extensions of lattices of PU(n, 1) by a finite group.
Introduction
One of the most studied aspect of lattices in semisimple Lie groups is their rigidity property. By Mostow-Prasad Rigidity Theorem [Mos68, Pra73, Mos73] , it is well known that the isomorphism class of a lattice Γ in a semisimple center-free Lie group G without compact factor boils down to its conjugacy class. When the rank of the group G is greater than or equal to 2, lattices have an even more rigid behaviour. Indeed, Margulis [Mar75] proved that any representation of Γ into another Lie group H with Zariski dense image can be suitably extended to a representation to the ambient group G → H. This phenomenon, called superrigidity, reflects also the superrigid behaviour of measurable cocycles associated to higher rank lattice. In fact, Zimmer [Zim80] showed that ergodic measurable cocycles associated to such lattices can be trivialized, that is they are cohomologous to a representation coming from the ambient group.
Zimmer Superrigidity Theorem had striking consequences also on topics like orbit equivalence and measure equivalence. The latter is an equivalence relation introduced by Gromov [Gro93] and it can be suitably seen as a translation of the concept of quasi isometry in the measurable context. Roughly speaking we say that two locally compact second countable groups G and H are measure equivalent if there exists a Lebesgue measure G × H-space (Ω, m Ω ) which can be factored as the product of G (respectively H) times a probability space so that the factorization map is G-equivariant (respectively H-equivariant). In the particular case of both G and H being countable, this condition is equivalent to requiring the existence of two Borel fundamental domains in Ω of finite measure. When (Ω, m Ω ) exists, we say that it is a (G, H)-coupling.
The interest in measure equivalence in the mathematical community is proved by the fruitful literature about it (see for instance Furman [Fur99a, Fur99b] , Gaboriau [Gab00, Gab02] , Kida [Kid08, Kid10] and the work of Ioana and Popa [AIP08, Ioa11, Pop06a, Pop06b, Pop06c, Pop07] ). Particularly important in the study of this theory are taut groups. Given a locally compact second countable group G, a (G, G)-coupling is (Ω, m Ω ) is taut if there exists an essentially unique G × Gequivariant measurable map Ω → G, where G × G acts on G with both left and right multiplications. A group will be taut if any (G, G)-coupling is taut. The importance of taut groups relies for instance on the fact that their lattices share all the Mostow Rigidity Property (see [BFS13b, Lemma 1.4] ). A consequence of Zimmer Superrigidity Theorem [Zim80] is extacly the tautness of higher rank simple Lie groups. Monod and Shalom [MS04] showed the tautness of certain groups that can be written as products. Also mapping class groups are taut, as proved by Kida [Kid08, Kid10] .
Remarkably measure equivalence can be described in the language of measurable cocycles. Indeed given a (G, H)-coupling (Ω, m Ω ), it is possible to define the left measure equivalence cocycle β Ω (the right measure equivalence cocycle α Ω , respectively) that encodes all the information about the coupling. Additionally a self-coupling is taut if and only if the associated measurable cocycle can be trivialized to the identity, as shown by Bader, Furman and Sauer [BFS13b, Lemma A.4] .
When the group G admits a norm, then one can introduce an additional requirement for self-couplings. More precisely we can talk about p-integrable self-couplings as the ones for which the integral of the p-norm of the associated measurable cocycle is finite. This definition leads naturally to the notion of p-taut groups as those groups such that any p-integrable self-coupling is taut. Bader, Furman and Sauer [BFS13a, BFS13b] proved that the group PO(n, 1) of real hyperbolic isometries is 1-taut, for n ≥ 3. Similarly, Fisher and Hitchman [FH06] proved the 2 tautness, and hence the 1-tautness, of both PSp(n, 1) and the isometries of the Cayley plane H 2 O using techniques coming from the theory of harmonic maps. Surprisingly nothing had been said so far about the group PU(n, 1). In this paper we are going to show that the 1-tautness holds also for those groups. Indeed we have the following Theorem 1. For n ≥ 2 the group PU(n, 1) is 1-taut.
The theorem above conclude the study of 1-tautness for rank-one Lie groups of non-compact type. The proof of the theorem relies essentially on two different tools. The first one comes from the notion of natural maps. Following the work of Besson, Courtois and Gallot [BCG95, BCG96, BCG98] and of Connell and Farb [CF03b, CF03a] , the author [Savb, Savc] developed the theory of natural maps for measurable cocycles. A natural map associated to a cocycle is a measurable equivariant map such that its slices are differentiable with uniformly bounded Jacobian. Additionally, for rank-one lattices, the bound is sharp and it is attained if and only if the differential is an isometric embedding of the tangent space. The second key aspect of the proof is based on the functorial approach to continuous bounded cohomology developed by Burger and Monod [BM02, Mon01] .
We are going to fix a uniform lattice Γ ≤ PU(n, 1) and to restrict our attention only to ergodic integrable (Γ, Γ)-couplings. Given a self-coupling (Ω, m Ω ) of this form, we will show that the associated left measure equivalence cocycle β Ω can be trivialized to the standard lattice embedding i Γ : Γ → PU(n, 1). As proved by Bader, Furman and Sauer [BFS13b, Proposition 2.9, Lemma A.5] this will be sufficient to prove the 1-tautness of PU(n, 1).
The possibility to trivialize β Ω comes from the fact that β Ω maximizes a certain numerical invariant eu(Ω) defined by Bader, Furman and Sauer and called Euler invariant. We are going to compute such an invariant in two different ways. Imitating the work about numerical invariants of measurable cocycles of the author together with Moraschini and Sarti [Sava, MSa, MSb, SS] , here we are going to define two different pullback maps in terms of the natural map. The first definition will constitute the main link between the Bader, Furman and Sauer's definition and our approach based on pullback. The second definition, being equivalent to the first one, will show that the Euler number is a slight modification of the natural volume introduced by the author in [Savc] . Being the latter rigid when it is maximal, the result will follow.
It is worth noticing that our strategy does not rely on the specific properties of the group PU(n, 1) and for this reason it could be applied to any rank-one Lie groups of non-compact type, giving in this way a unified proof of their 1-tautness.
Using both Theorem 1 and [BFS13b, Theorem 2.1] we will argue the following Theorem 2. Let Γ ≤ G = PU(n, 1) be a lattice, with n ≥ 2. Given a finitely generated group Λ, consider an integrable (Γ, Λ)-coupling (Ω, m Ω ). Then (1) there exists a short exact sequence
where F is finite and Λ is a lattice in G; (2) there exists a measurable map Ψ : Ω → G such that for almost every x ∈ Ω, every γ ∈ Γ and every λ ∈ Λ it holds
where λ is the image of λ in Λ. Additionally, if the coupling is ergodic, either the push-forward measure Ψ * m Ω is a multiple of the Haar measure or we can suppose that Γ and Λ share a group of finite index and Ψ * m Ω is a multiple of the counting measure on the double coset Γ · e G · Λ, where e G is the neutral element.
In this way we classify finitely generated groups which are measure equivalent to complex hyperbolic lattices, obtaining an analogous of [BFS13b, Theorem D] also in this context. To prove this theorem we are going to mimic the proofs of both [Fur99a, Lemma 4.6] and [BFS13b, Theorem D] .
It is worth mentioning that measure equivalence has suitable consequences also on stable orbit equivalence. Let Γ, Λ be two finitely generated groups. Given a Γprobability space (X, µ) and a Λ-probability space (Y, ν), we say that X and Y are stably orbit equivalent if there exist two measurable maps p :
One can define on X (respectively Y ) a natural distance induced by the word metric on Γ (respectively Λ) and it is possible to use the previous distance to introduce the notion of integrability for stable orbit equivalence. Hence we will be allowed to speak about p-stably orbit equivalent spaces.
As suggested by Bader, Furman and Sauer, one can use Theorem 2 and the approach of Furman [Fur99a] to deduce the following Theorem 3. Let Γ ≤ G = PU(n, 1) be a lattice, with n ≥ 2. Let Λ be a finitely generated group. Suppose to have essentially free, ergodic, measure preserving actions Γ (X, µ) and Λ (Y, ν). If those actions are stably L 1 -orbit equivalent then either one of the following occurs:
(1) there exists a short exact sequence
where F is finite and Λ is a lattice in G, with Θ = Γ ∩ Λ having finite index in both Γ and Λ. Additionally there exists an essentially free ergodic measure preserving action
(2) or there exists a short exact sequence
where F is finite and Λ is a lattice in G, with equivariant measure space quotient maps
with π(γ.x) = γ.π(x), τ (λ.y) = λ.y and m G/Λ , m G/Γ are induced by the Haar measure m G . Additionally, Λ (Y , ν) = (Y, ν)/F is isomorphic to the action associated to Γ (X, µ) and the quotient map π.
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Plan of the paper. The first sections will be dedicated to introduce all the preliminary definitions and result necessary for the paper. In Section 2.1 we are going to recall the notions of measurable cocycle, cohomologous cocycles and boundary map. Section 2.2 is devoted to the exposition of Burger-Monod's functorial approach to continuous bounded cohomology of locally compact groups. In Section 2.3 we introduce the main topic of the paper. After the definition of measure equivalence, we remind the notion of taut groups and the analogous version of integrable taut groups. Natural maps and their properties are described in Section 2.4.
We prove Theorem 1 in Section 3. Fixed a uniform lattice Γ in PU(n, 1), with n ≥ 2, we first show that an ergodic integrable self-coupling admits a natural map (Lemma 3.1). Then we implement a pullback map in bounded cohomology in terms of the natural map (Lemma 3.2 and Proposition 3.4) and we show that this pullback it is equivalent to Bader, Furman and Sauer's definition of the Euler number (see Proposition 3.6). The main theorem of the section is Theorem 3.9, where we show that ergodic integrable self-couplings of Γ are taut relative the standard lattice embedding. The key aspect of the proof is the possibility to express the Euler number as a suitable modification of the natural volume, as proved in Lemma 3.7. Exploiting Theorem 3.9 and [BFS13b, Proposition 2.9], it follows directly Theorem 1. The last section is devoted to some remark and consequences of Theorem 1, such as Theorem 2.
Preliminary definitions and results
In this section we are going to introduce the notions that we will need throughout the paper. We start introducing the definitions of measurable cocycle, cohomologous cocycles and boundary map. Then we briefly recall Burger-Monod's functorial approach to continuous bounded cohomology of locally compact groups. It follows the main topic of the paper, that is the notions of measure equivalence and tautness of a locally compact groups. We are going to remind how a coupling determines naturally a measurable cocycle and how the tautness property can be translated in terms of trivialization of cocycles associated to couplings. We conclude with the definition of natural map associated to a measurable cocycle. The existence and the properties of natural maps will be crucial in the proof of the main theorems.
2.1. Measurable cocycles and boundary maps. In this section we are going to recall some basic definitions about measurable cocycles theory. For a more detailed exposition we refer the reader either to the papers of Furstenberg [Fur73, Fur81] or to the work of Zimmer [Zim, Zim80, Zim84] .
Let G, H be two locally compact second countable groups endowed with their Haar structures. Let (Ω, µ) be a Lebesgue space on which G acts by preserving the measure. We are going to call (Ω, µ) a Lebesgue G-space. If (Θ, ν) is another measure space, we denote by Meas(Ω, Θ) the set of measurable maps endowed with the topology of the convergence in measure. is continuous and it holds (1) σ(g 1 g 2 , s) = σ(g 1 , g 2 .s)σ(g 2 , s) , for almost every g 1 , g 2 ∈ G and almost every s ∈ Ω. Here g.s denotes the action of the element g ∈ G on the point s ∈ Ω.
Notice that Equation 1 can be thought of as a generalization of the chain rule in the measurable context. Additionally, by viewing the cocycle σ as an element σ ∈ Meas(G, Meas(X, H)), Equation 1 implies that σ is a Borel 1-cocycle in the sense of Eilenberg-MacLane (see either [FM77] or [Zim84] for such interpretation). Following this approach, it is quite natural to ask under which conditions two measurable cocycles σ 1 , σ 2 are cohomologous.
Definition 2.2. Let σ 1 , σ 2 : G × Ω → H be two measurable cocycles and let f : Ω → H be a measurable function. The f -twisted cocycle associated to σ 1 is defined as
, for almost every g ∈ G, s ∈ Ω. We say that σ 1 and σ 2 are cohomolgous (or equivalent) if there exists a measurable map f : Ω → H such that σ f 1 = σ 2 . It is worth mentioning that measurable cocycles are quite ubiquitous in mathematics. For instance, the theory of representations of semisimple Lie groups and of their lattices can be suitably seen into this wider context. Indeed, given any continuous representation ρ : G → H and fixed any Lebesgue G-space (Ω, µ) the map defined by
is a measurable cocycle called measurable cocycle associated to ρ. Even if the cocycle actually depends also on the choice of the Lebesgue G-space Ω, we prefer to omit it to avoid a heavy notation. When G is discrete (for instance a lattice), any representation is automatically continuous and hence it determines naturally a measurable cocycle. We are going to say that a cocycle σ : G × Ω → H is trivializable if it is cohomologous to a cocycle associated to a representation. As we will see later, the tautness of a group can be suitably stated in terms of measurable cocycles coming from couplings. Roughly speaking, the main goal of the paper will be to show that measurable cocycles coming from ergodic integrable self-couplings of complex hyperbolic lattices can be trivialized to the standard lattice embedding. We conclude this short introduction about measurable cocycles by recalling some elements of boundary theory. For sake of simplicity, suppose now that both G, H are semisimple Lie groups of non-compact type. In this case we denote by B(G) (respectively B(H)) the Furstenberg-Poisson boundary (or simply boundary) associated to G (respectively to H). The boundary can be identified with the unique open G-orbit of any regular point in the boundary at infinity ∂ ∞ X of the symmetric space X associated to G. In this way we can identify B(G) with the quotient G/P , where P is any minimal parabolic subgroup of G.
for almost every g ∈ G, ξ ∈ B(G), s ∈ Ω. For almost every s ∈ Ω, we define the s-slice of the map φ as
The existence and the uniqueness of boundary maps are usually related to the properties of the cocycle σ, like proximality and minimality. For a more detailed discussion about these properties we refer the reader to [Fur81] . As already noticed by Bader, Furman and Sauer, measurable cocycles coming from self-couplings always admits an essentially unique boundary map. Later we are going to prove that those maps have essentially injective slices (see Lemma 3.1). This will guarantee the existence of the natural map associated to the coupling.
2.2. Functorial approach to continuous bounded cohomology. This section will be devoted to a brief exposition about continuous bounded cohomology of locally compact groups. We will follow the functorial approach described by Burger and Monod in [BM02, Mon01] .
Let G be a locally compact second countable group. Given a Banach space E, we say that E is a Banach G-module if G acts on E by linear isometries via a fixed representation π : G → Isom(E). We are going to assume additionally that E is the dual of some Banach space, so that it makes sense to refer to both the weak- * topology and to the weak- * measurable structure.
We denote by
Introducing the standard homogeneous coboundary operator
where f ∈ C • c (G; E) and g, g 0 , . . . , g • ∈ G. By restricting the coboundary operator to the G-invariant functions C • c (G; E) G , we get a subcomplex which enables us to give the following
Using the natural supremum norm on C • c (G; E) given by
we can say that a function is bounded if its norm is finite and we can consider
Since the coboundary operator preserves boundedness, we get a subcomplex
is naturally seminormed via the quotient seminorm and we are going to say that an isomorphism of cohomology groups is isometric if it respects the induced seminorms.
Since we are going to use it later, we recall that the standard inclusion
is a cochain map and hence it induces a map in cohomology called comparison map and denoted by comp
Notice that a priori the comparison map is neither injective nor surjective and understanding if it is an isomorphism is an important problem which is still open for several groups (such as Lie groups of non-compact type).
Computing the continuous bounded cohomology of a locally compact groups may reveal quite difficult using only the definition given so far. For this reason, we are going to introduce the functorial approach described by Burger and Monod [BM02] which enables us to compute continuous bounded cohomology via strong resolutions by relatively injective modules. However, since for our purposes we will not need those definitions, we are going to omit them stating only the main result and we refer to Monod 
Nevertheless, the previous isomorphism is not a priori isometric. We are going to exhibit a particular case for which the seminormed structure is preserved. In order to do this we are going to introduce briefly the notion of amenable G-space.
Definition 2.6. Let (S, µ) be a space on which G acts by preserving the measure
which has norm one, it is positive and it satisfies m(χ G×S ) = m(χ G ). We say that S is an amenable G-space (or G acts amenably on S) if L ∞ (G × S; R) admits a mean. 
computes isometrically the continuous bounded cohomology groups of G.
Also strong resolutions can give us back useful information about bounded cohomology groups. Indeed let E, F be two Banach G-modules. Let (F • , δ • ) be a strong resolution of F and let (E • , d • ) be a strong resolution of E by relatively injective G-modules. As proved by Burger and Monod [BM02, Proposition 1.5.2], any G-morphism F → E admits an extension to the corresponding resolutions and the extension is unique up to G-homotopy. In particular there exists a well-defined map H 
The existence of such maps from the cohomology of strong resolutions to the continuous bounded cohomology of G will be crucial in our proof.
2.3. Measure equivalence and integrable tautness. The following section will be entirely devoted to recall the main definitions and results about integrable tautness of locally compact groups. For a more detailed exposition about those topics we refer the reader to [BFS13b] . We start with the notion of measure equivalence which is strictly related with the concept of coupling. Then we give the definition of tautness of locally compact groups and we translate this property in terms of measurable cocycles. We finally conclude by recalling how to verify the tautness of a group G it is enough to study self-couplings associated to lattices in G.
Definition 2.7. Let G, H be two unimodular locally compact second countable groups with Haar measures m G , m H , respectively. A (G, H)-coupling is the datum of a Lebesgue G × H-space (Ω, m Ω ) such that there exist two measure spaces (X, µ) and (Y, ν) with measurable isomorphisms
where ı is G-equivariant with respect to the action on the first component and  is H-equivariant with respect to the same action. In this context we are going to say that G and H are measure equivalent.
A particularly easy example of coupling is given by the tautological self-coupling of G. In this case we set (Ω, m Ω ) = (G, m G ) and the G × G-action is given by
2 . More generally one can verify easily that any two lattices Γ 1 , Γ 2 in G are measure equivalent. It is sufficient to mantain the same coupling space (G, m G ) with Γ 1 ×Γ 2action given by
Roughly speaking, taut groups are exactly those for which one can reduce any selfcoupling to the tautological one. More precisely we have the following
, for almost every s ∈ Ω and every g 1 , g 2 ∈ G. The map Φ is called tautening map. A group G is taut if every (G, G)-coupling admits an essentially unique tautening map.
There exist several examples of taut groups. For instance higher rank simplie Lie groups are taut by Furman [Fur99a] . A similar statement was given for certain products of groups by Monod and Shalom [MS06] and by Kida for mapping class groups [Kid08, Kid10] . The importance of taut groups relies for instance on the fact that their lattices satisfy the Mostow Rigidity property, as stated in [BFS13b, Lemma 1.4].
It may happen that a (G, G)-coupling (Ω, m Ω ) is not taut by itself, but it is taut relative to a suitable continuous morphism into a Polish group. More precisely we have the following Definition 2.9. Let G be a locally compact second countable group and let G be a Polish group. Consider a continuous morphism π : G → G. A (G, G)-coupling (Ω, m Ω ) is taut relative to π if there exists an essentially unique map Φ : Ω → G such that Φ((g 1 , g 2 ).s) = π(g 1 )Φ(s)π(g 2 ) −1 , for almost every s ∈ Ω and every g 1 , g 2 ∈ G. The map Φ is called tautening map relative to π and a group G is taut relative to π is every (G, G)-coupling admits an essentially unique tautening map relative to π.
Clearly the definition of relative tautness generalizes the standard one since taut groups are taut relatively to the identity.
The requirement of the essential uniqueness of the tautening map both in Definition 2.8 and Definition 2.9 is deeply related to another property of the group G called strongly ICC property. We are not interested here to give a precise definition of that property and we refer the reader for instance to Bader, Furman and Sauer [BFS13b, Definition 2.2] for more details. The only important thing that we are going to exploit is that any connected, center-free, semisimple Lie group G without compact factor is strongly ICC relative to any unbounded Zariski dense subgroup (see [BFS13b, Proposition 2.3]). In particular G itself is strongly ICC and by Borel Density Theorem it is strongly ICC relative to any lattice.
Our next goal is to state the tautness property in terms of measurable cocycle. Recall that given a (G, H)-coupling (Ω, m Ω ), there must exist two measure spaces (X, µ) and (Y, ν) together with the measurable isomorphims ı,  of Definition 2.7. Since the actions of G and H on Ω commute, we have well-defined measure preserving action of G (respectively H) on the space X (respectively Y ). Indeed the latter can be interpreted as the space of H-orbits in Ω. Hence, given any g ∈ G and almost every h ∈ H , x ∈ X there must exists k ∈ H such that
A similar thing will holds if we interchange the roles of G and H. As shown in [BFS13b, Lemma A.4] relative tautness of groups can be translated into the trivialization property of measurable cocycles associated to self-couplings. More precisely a (G, G)-coupling (Ω, m Ω ) is taut relative to π : G → G if and only if the cocycles obtained by composing the right (respectively left) measure equivalence cocycle with π may be trivialized to π via an essentially unique function f : X → G. In particular, a group G is taut if and only if any measure equivalence cocycle coming from a self-coupling may be trivialized to the identity.
It may happen that one need to require first an integrability condition on the cocycle in order to satisfy the tautness property. Suppose to fix a norm | · | on G and let p ∈
When p = ∞ the same condition must hold for the essential supremum. When p = 1 we say that the cocycle is integrable.
Definition 2.11. Given a compactly generated, unimodular, locally compact second countable group G, a (G, G)-coupling (Ω, m Ω ) is p-integrable if the associated measure equivalence cocycles are p-integrable. When p = 1 we say that (Ω, m Ω ) is integrable. A group G is p-taut if every p-integrable self-coupling is taut.
Bader, Furman and Sauer [BFS13b, Theorem B] proved that PO(n, 1) is 1-taut when n ≥ 3 and that PO(2, 1) is 1-taut relative to the inclusion into Homeo(S 1 ). Fisher and Hitchman [FH06] prover that the isometry group of both the quaternionic hyperbolic space and the Cayley plane are 2-taut (and hence in particular 1-taut).
It is worth mentioning that a similar definition of integrable tautness can be suitably extended to the case of relative tautness. Additionally, the norm on the group G allows also to define p-integrable lattices. Indeed, a lattice Γ is p-integrable if the cocycle associated to any section of the projection map G → G/Γ is p-integrable. The integrability property for lattices is related with the p-tautness of the group. In fact, one can surprisingly recover the tautness of a group G by studying selfcouplings associated to suitable lattices of G. More precisely, as proved by Bader, Furman and Sauer [BFS13b, Proposition 2.9] given any strongly ICC group G and any lattice Γ ≤ G (respectively p-integrable lattice), then G is taut (respectively ptaut) if and only if Γ is taut (respectively p-taut) relative to the inclusion i Γ : Γ → G. Actually one can restrict the attention only to ergodic p-integrable self-couplings, as stated by [BFS13b, Lemma A.5].
We conclude this section by recalling that given two countable discrete groups (Γ, Λ) and a coupling (Ω, m Ω ), Monod and Shalom [MS06] proved that the left measure equivalence cocycle β Ω : Λ × Γ\Ω → Γ induces an isometric isomorphism in bounded cohomology with L ∞ -coefficients, that is
, which depends only on the coupling. We are going to use the map above to factor the pullback along natural maps associated to self-couplings.
2.4. Natural maps for measurable cocycles. In this section we are going to remind the construction of the natural map associated to a measurable cocycle. We first recall the barycenter construction introduced by Douady and Earle [DE86] , then we remind the notion of Patterson-Sullivan density (see [Pat76, Sul79] ) and finally we described the main properties of the natural map inspired by the work of Besson, Courtois and Gallot (see for instance [BCG95, BCG96, BCG98, FK06, Fra09]).
Let G(n) be equal either to PO(n, 1), PU(n, 1) or PSp(n, 1). We know that the Riemannian symmetric space associated to G(n) is a hyperbolic space H n K on a suitable division algebra K. Recall that H n K is defined as the projectivized negative cone P(V − ) ⊂ P n (K) with respect to the bilinear form h of type (n, 1) and it is endowed with the distance d which satisfies
for every v, w ∈ K n+1 . If we denote by d = dim R K, then we are going to assume that d(n − 1) ≥ 2. Fix a basepoint o ∈ H n K and denote by β o the Busemann function pointed at o. Given any probability measure ν ∈ M 1 (∂ ∞ H n K ), we can define the following function
Since Busemann functions are convex (see [Pap04, Chapter 8]), the function Λ ν is stricly convex and it holds
provided that ν has no atom of weight greater than or equal to 1/2. The previous assumption implies that Λ ν attains a unique minimum in H n K and we can define the barycenter of the measure ν as bar B (ν) := argmin(Λ ν ) .
Recall that the barycenter is continuous with respect to the weak- * topology, it is G(n)-equivariant and it is completely characterized by the implicit equation
To construct natural maps, we are interested in applying the barycenter to the push-forward of the Patterson-Sullivan measures through the slices of a boundary map associated to a fixed measurable cocycle. Fix Γ ≤ G(n) a torsion-free uniform lattice. Recall that Γ is a group of divergence type whose critical exponent is equal to δ Γ = d(n + 1) − 2, as shown for instance by Albuquerque in [Alb97, Theorem 2],[Alb99, Theorem D]. The Patterson-Sullivan density associated to Γ is a measurable map ν : H n K → M 1 (∂ ∞ H n K ) , ν(a) := ν a , which is Γ-equivariant, that is ν γ.a = γ * ν a for any a ∈ H n K , γ ∈ Γ, and it satisfies
for any a, b ∈ H n K and any ξ ∈ ∂ ∞ H n K . Here β a denotes the Busemann function pointed at a. Recall that the Patterson-Sullivan density is essentially unique (up to a positive scalar) by the doubly ergodic action of Γ on the boundary at infinity ∂ ∞ H n K (see for instance [Sul79, Nic89, BM96, Rob00, Fra09]). Let now (Ω, µ) be a Lebesgue Γ-space and let σ : Γ × Ω → G(m) be a measurable cocycle, with m ≥ n. If we assume that σ admits a boundary map φ : ∂ ∞ H n K ×Ω → ∂ ∞ H m K whose slices are essentially injective, then the push-forward measure (φ s ) * ν a has no atoms for almost every s ∈ Ω and every a ∈ H n K . Definition 2.12. Let σ : Γ × Ω → G(m) with a boundary map φ with essentially injective slices. The natural map associated to σ is defined as
The previous definition is correct, since (φ s ) * ν a has no atoms and we are allowed to apply the barycenter construction. As proved by the author in [Savc, Theorem 1], the natural map associated to σ is a measurable σ-equivariant map whose slices are differentiable with uniformly bounded Jacobian. Indeed it holds Jac a F s ≤ 1 , for almost every a ∈ H n K , s ∈ Ω and the equality is attained if and only if D a F s is an isometric embedding. When the cocycle σ is determined by a coupling, we are going to call F the natural map associated to the coupling.
Proof of Theorem 1
In this section we are going to give the proof of Theorem 1. To prove the 1tautness of PU(n, 1), for n ≥ 2 we are going to show that all ergodic integrable self-couplings associated to any uniform lattice of PU(n, 1) is taut relative to the inclusion. By both [BFS13b, Proposition 2.9] and [BFS13b, Lemma A.5] it will follow that PU(n, 1) is 1-taut.
The proof will be based crucially on the existence of natural maps. More precisely, given a uniform lattice Γ ≤ PU(n, 1) with n ≥ 2, we are going to prove that an ergodic (Γ, Γ)-coupling (Ω, m Ω ) admits a natural map F : H n C ×Γ\Ω → H n C . The latter will enable us to show that a suitable variation of the natural volume (Section 2.4) is equal to the Euler number defined by Bader, Furman and Sauer (Section 2.3). Under the integrability assumption, we know that the Euler number is maximal, and hence the same will hold for the numerical invariant we will have defined. By the rigidity of the latter we will conclude.
As already mentioned in Section 2.4, in order to construct natural maps we need first to show that the boundary map associated to a coupling has essentially injective slices. This is exactly the content of the following Lemma 3.1. Let Γ ≤ PU(n, 1) be a torsion-free uniform lattice with n ≥ 2. Let (Ω, m Ω ) be an ergodic (Γ, Γ)-coupling with associated measurable cocycle β Ω : Γ × Γ\Ω → Γ. If φ : ∂ ∞ H n C ×Γ\Ω → ∂ ∞ H n C is the boundary map associated to β Ω , then for almost every s ∈ Γ\Ω, the slice φ s : ∂ ∞ H n C → ∂ ∞ H n C is essentially injective. Proof. We are going to follow the line of the proof of [BFS13b, Lemma 3.6]. Denote by ν the standard Lebesgue measure on ∂ ∞ H n C and let ∆ ⊂ (∂ ∞ H n C ) 2 be the diagonal. For almost every s ∈ Γ\Ω we define ν s := (φ s ) * ν the push-forward measure of ν with respect to the slice φ s :
. By the equivariance of the map φ, it follows that ν γ.s = σ(γ, s) * ν s for every γ ∈ Γ and almost every s ∈ Γ\Ω. Since ∆ is a PU(n, 1)-invariant subset of (∂ ∞ H n ) 2 , we have that E is a Γ-invariant measurable subset of Γ\Ω. By the ergodicity assumption it follows that E has either full or null measure.
We want to show that E has null measure. By contradiction, suppose that E has full measure. The latter assumption means that for almost every s ∈ Γ\Ω it holds (ν s × ν s )(∆) > 0. Equivalently, for almost every s ∈ Γ\Ω, there must exist
for (ν s × ν s )-almost every (η, ξ) ∈ U s . Again, by the equivariance of the map φ, we get that U γ.s = γ(U s ) , for every γ ∈ Γ and almost every s ∈ Γ\Ω. The equation above implies that the set
Since the diagonal action of Γ on the latter space is ergodic by [MS04, Proposition 2.4], U must be of full measure. Hence for almost every s ∈ Γ\Ω it must hold
for almost every ξ, η ∈ ∂ ∞ H n C . If we define ξ 0 ∈ ∂ ∞ H n C as the essential image of φ s 0 for some fixed s 0 ∈ Γ\Ω, we can find a measurable function f : Γ\Ω → PU(n, 1) such that φ s (ξ) = f (s).ξ 0 , for almost every s ∈ Γ\Ω and almost every ξ ∈ ∂ ∞ H n C . Hence σ is cohomologous to a cocycle with values into the stabilizer G 0 = Stab PU(n,1) (ξ 0 ), which is a contradiction being the image of β Ω Zariski dense.
By the previous lemma it follows that, given an ergodic (Γ, Γ)-coupling (Ω, m Ω ), the boundary map of the measurable cocycle associated has essentially injective slices. In particular we have a well-defined natural map F : H n C ×Γ\Ω → H n C associated to the coupling (see Section 2.4).
We now recall some useful properties of H n C that we will need in the sequel. Since the complex hyperbolic space is the globally symmetric space associated to the group PU(n, 1), it can be suitably seen as the quotient of PU(n, 1) by the stabilizer of any point of H n C . Since the stabilizers are compact and compact groups are amenable, we have that H n C is an amenable PU(n, 1)-space in the sense of Zimmer (see Definition 2.6). Moreover the same will hold for any lattice of PU(n, 1). This means that using [BM02, Theorem 1] the space of essentially bounded functions
Theorem 2]). In particular the invariants of the resolution of E given by (L ∞ w * ((H n C ) •+1 ; E), δ • ) computes isometrically the countinuous bounded cohomology of G with coefficients in E (see Section 2.2).
Let (Ω, m Ω ) be an ergodic (Γ, Γ)-couplings. In order to distinguigh the two copies of Γ, we are going to use Γ r and Γ ℓ , following the notation of [BFS13b] . Denote by X ℓ a measurable fundamental domain for the Γ ℓ -action on Ω. We consider the retraction χ : Ω → Γ ℓ which is a Γ ℓ -equivariant map satisfying χ(x) −1 .x ∈ X ℓ (compare the definition with [MS06, BFS13b] ).
Let now β Ω : Γ r × Γ ℓ \Ω → Γ ℓ be the left measure equivalence cocycle associated to Ω. Since β Ω admits the natural map F : H n C ×Γ ℓ \Ω → H n C , we can define the following map between complexes
where a 0 , . . . , a • ∈ H n C , x ∈ Ω and [x] ∈ Γ ℓ \Ω denotes the equivalence class of the point. We are going to prove that this map is a well-defined cochain map which is Γ ℓ × Γ r -equivariant. We need first to specify the action of Γ ℓ × Γ r for both the complexes. The first component of the product Γ ℓ × Γ r acts diagonally on B ∞ ((H n C ) •+1 ; R), whereas the second one has the trivial action. Similarly, the first
× Ω) only on Ω and the second component acts diagonally.
Lemma 3.2. Let Γ ≤ PU(n, 1) be a uniform lattice with n ≥ 2. Let (Ω, m Ω ) be an ergodic (Γ ℓ , Γ r )-coupling with retraction map χ :
is the natural map associated to the coupling, then the map
, is a cochain map between complexes which is Γ ℓ × Γ r -equivariant.
Proof. Since ψ, χ and F are measurable maps, the function C • (F )(ψ) is still measurable, and hence the function C • (F ) is well-defined (and hence its equivalence class into L ∞ w * ). It is trivial to verify that it is a cochain map and we leave this computation to the reader.
The last thing to prove is that C • (F ) is Γ ℓ × Γ r -equivariant. We are going to follow the line of Similarly if we consider (γ, λ) C • (F )(ψ)(a 0 , . . . , a • )(x) = C • (F )(ψ)(λ −1 .a 0 , . . . , λ −1 .a • )(γ −1 .(λ −1 .x)) , and exploiting the Γ ℓ -equivariance of χ and the β Ω -equivariance of F we get
Remark 3.3. It is worth noticing that we defined that map C • (F ) starting from bounded measurable cochains, instead of using their essentially bounded analogue. The idea in this case is the same developed in [BI02] . More precisely, since a priori we are not sure that the composition with F preserves the natural measure class on H n C , we prefer to work with the complex B ∞ ((H n C ) •+1 ; R). From Lemma 3.2 we obtain directly the following Proposition 3.4. Let Γ ≤ PU(n, 1) be a uniform lattice with n ≥ 2. Let (Ω, m Ω ) be an ergodic (Γ ℓ , Γ r )-coupling with retraction map χ : Ω → Γ ℓ . Let F : H n C ×Γ ℓ \Ω → H n C be the natural map associated to the coupling. Then the map C • (F ) induces a well-defined map in cohomology, that is
Proof. We start noticing that
. Recall that H n C is an amenable Γ ℓ -amenable space, being more generally a PU(n, 1)amenable space, as already said at the beginning of the section. Hence the action of the product Γ ℓ × Γ r is amenable on (H n C ) •+1 × Ω, since Γ ℓ acts amenably in the diagonal way and Γ r acts amenably on Ω (since admits a finite fundamental domain, see [MS06] ). Additionally we recall that
; L ∞ (Ω)) are relatively injective by [BM02, Theorem 1]. Hence the associated subcomplex of invariants computes the continuous bounded cohomology H • b (Γ r , L ∞ (Γ ℓ \Ω)) in an isometric way. The statement now follows.
Remark 3.5. Notice that we used the retraction map χ to define a map between complexes, but taking the invariants we do not get any contribution from χ in cohomology.
Our next goal is to prove that the map H • (F ) can be factored as the composition of two maps. We recall first the notation. Let κ Ω : R → L ∞ (Ω) the standard inclusion given by constant functions. By considering R endowed with the trivial Γ ℓ ×Γ r action and L ∞ (Ω) with the action induced by the coupling action (γ 1 , γ 2 ).s = γ 1 .s.γ 2 , the map induces a map at the level of bounded cohomology
. Additionally, when we have a coupling (Ω, m Ω ) it remains naturally induced the Monod-Shalom isomorphism map
. We refer the reader to Section 2.3, where it is recalled the map. Now we are going to prove the factorization statement.
Proposition 3.6. Let Γ ≤ PU(n, 1) be a uniform lattice with n ≥ 2. Let (Ω, m Ω ) be an ergodic (Γ ℓ , Γ r )-coupling with retraction map χ : Ω → Γ ℓ . Denote the natural map associated to the coupling by F : H n C ×Γ ℓ \Ω → H n C . Then, with the notation above, it holds
where c is the map at the end of Section 2.2.
Proof. We are going to follow the same functorial approach used in the proof of [BFS13b, Proposition 4.8]. We need to implement first the composition H
) are strong resolution of L ∞ (Ω) by relatively injective Banach Γ ℓ × Γ r -modules (again by [BM02, Theorem 1]). The same holds by interchanging the subscripts ℓ and r in the resolutions. Hence there exists a map
(Ω) and it induces H • b (Ω) in cohomology. Consider now the following diagram
where c • is the projection onto the equivalence class introduced in Section 2.2. We denoted by Consider now the integration map
where a 0 , . . . , a • ∈ H n C and µ is the normalized probability Γ r -invariant measure induced on the quotient. Thanks to the integration map, we can consider the following composition
. We want to consider the image of a specific cocycle through the above map. More precisely, we define the volume cocycle Vol n : (H n C ) 2n+1 → R Vol n (a 0 , . . . , a 2n ) := ∆(a 0 ,...,a 2n )
where ω n is the volume form associated to the standard Riemannian structure on H n C and ∆(a 0 , . . . , a 2n ) is the geodesic filling of the points a 0 , . . . , a 2n ∈ H n C . The latter is defined inductively as follows ∆(a 0 , . . . , a k ) = geodesic cone of ∆(a 0 , . . . , a k−1 ) with respect to vertex a k .
Since H n C is negatively curved, it is easy to verify that the map above is a continuous PU(n, 1)-invariant alternating cocycle which is bounded by [IY82, Theorem 1]. Hence it can be seen as an element of Vol n ∈ B ∞ ((H n C ) 2n+1 ; R) PU(n,1) . Using the cocycle above we can construct its pullback in two different ways. The first one is given by the image C 2n (F Γ ℓ \Ω )(Vol n ). The other one exploites the differentiability of the slice of the natural map F . More precisely, let F s : H n C → H n C , F s (a) := F (a, s) the slice associated to the equivalence class s ∈ Γ ℓ \Ω. Recall that by Section 2.4 the slice F s is differentiable for almost every s ∈ Γ ℓ \Ω and has Jacobian bounded from above by 1 almost everywhere.
We can now define
which can be equivalently expressed using the change of variables formula as follows F * Vol n (a 0 , . . . , a 2n ) = Γ ℓ \Ω Fs(∆(a 0 ,...,a 2n )) ω n dµ(s) .
We are going to prove that F * Vol n is an essentially bounded Γ r -invariant cocycle which is cohomologous to C 2n (F Γ ℓ \Ω ) (compare with the proof by Kim and Kim [KK14, Lemma 5.4]).
Lemma 3.7. Let Γ ≤ PU(n, 1) be a uniform lattice with n ≥ 2. Let (Ω, m Ω ) be an ergodic (Γ ℓ , Γ r )-coupling. Denote by F : H n C ×Γ ℓ \Ω → H n C the natural map associated to the coupling. Then
Proof. By the boundedness of the Jacobian of F s for almost every s ∈ Γ ℓ \Ω and by the fact that µ is a probability measure, it follows easily that F * Vol n is bounded. Additionally, the differentiability of F s for almost every s ∈ Γ ℓ \Ω and the continuity of the volume function imply that F * Vol n is continuous by Lebesgue's dominated convergence theorem. Hence F * Vol n is measurable and essentially bounded.
The fact that it is a cocycle is an easy computation that we leave it to the reader. We show now that F * Vol n is Γ r -invariant. Let γ ∈ Γ r . We have (γ.F * Vol n )(a 0 , . . . , a 2n ) = where to move from the first line to the second one we used the β Ω -equivariance of F and we exploited the Γ ℓ -invariance of ω n and the Γ r -invariance of µ to conclude. We now want to prove that C 2n (F Γ ℓ \Ω ) and F * Vol n are cohomologous. Denote by (C • (H n C ; R), ∂ • ) the complex of real singular chains on H n C endowed with standard boundary operators. If
is the chain homotopy between the straightening map and the identity, we have that ∆(F s (a 0 ), . . . , F s (a 2n ))−F s (∆(a 0 , . . . , a 2n )) = (∂ n+1 •h n +h n−1 •∂ n )(F s (∆(a 0 , . . . , a 2n ))) .
For almost every s ∈ Γ ℓ \Ω we have that ∆(Fs(a 0 ),...,Fs(a 2n )) ω n − Fs(∆(a 0 ,...,a 2n )) ω n = ∆(Fs(a 0 ),...,Fs(a 2n ))−Fs(∆(a 0 ,...,a 2n )) ω n = (4) = (∂ n+1 •hn+h n−1 •∂n)(Fs(∆(a 0 ,...,a 2n ))) ω n = = (h n−1 •∂n)(Fs(∆(a 0 ,...,a 2n ))) ω n , where we used Stoke's Theorem to move from the second line to the third one. We set η s (a 0 , . . . , a 2n−1 ) := (h n−1 •Fs)(∆(a 0 ,...,a 2n−1 )) ω n , for every a 0 , . . . , a 2n−1 ∈ H n C and almost every s ∈ Γ ℓ \Ω. If we now define η(a 0 , . . . , a 2n−1 ) := Γ ℓ \Ω η s (a 0 , . . . , a 2n−1 )dµ(s) , for every a 0 , . . . , a 2n−1 ∈ H n C , by integrating along Γ ℓ \Ω both sides of Equation (4) we obtain C 2n (F Γ ℓ \Ω )(Vol n )(a 0 , . . . , a 2n ) − F * Vol n (a 0 , . . . , a 2n ) = δη(a 0 , . . . , a 2n ) .
Since for almost every s ∈ Γ ℓ \Ω it holds
for every a ∈ H n C , the same argument discussed by Kim and Kim [KK14, Lemma 5.4] shows that η ∈ L ∞ ((H n C ) 2n ; R) Γr and the statement is proved. Before proving the tautness of ergodic integrable self-couplings of Γ relative to the inclusion in PU(n, 1), we need to recall the Bader-Furman-Sauer's definition of the Euler number associated to a self-coupling. As before, let (Ω, m Ω ) be an integrable (Γ ℓ , Γ r )-coupling. By Section 2.3 we know that there exists an isometric isomorphism
, which depends only on the coupling Ω (see also [MS06] ). Let
be the maps induced in cohomology by the change of coefficients and the integration along Γ ℓ \Ω, respectively. Denote by i Γ : Γ → PU(n, 1) the standard lattice embedding.
Definition 3.8. Let Γ ≤ PU(n, 1) be a uniform lattice, with n ≥ 2. Let (Ω, m Ω ) be a (Γ ℓ , Γ r )-coupling. The Euler number associated to Ω is defined as
. We say that a coupling is maximal if it holds |eu(Ω)| = Vol(Γ\ H n C ) . We are now ready to prove our main theorem about tautness of ergodic integrable self-couplings for lattices in PU(n, 1). Theorem 3.9. Let Γ ≤ PU(n, 1) be a uniform lattice, with n ≥ 2. Then any ergodic integrable (Γ, Γ)-coupling (Ω, m Ω ) is taut relative to the standard lattice embedding i Γ : Γ → PU(n, 1).
Proof. We first show that the integrability assumption implies that the coupling (Ω, m Ω ) is maximal. Let x Γ ∈ H 2n (Γ; R) be the dual fundamental class and let
. Let i Γ : Γ → PU(n, 1) be the standard lattice embedding. Since it holds
The previous equation tells us that we can choose the class x b Γ as follows
.
With this choice of representative, the Euler number of the self-coupling Ω becomes 
and we used Lemma 3.7 to move from the second to the third line. Putting both Equation (5) and (6) we obtain
Since we have | det D a F s | = Jac a F s for every a ∈ H n C and every s ∈ Γ ℓ \Ω for which F s is differentiable and Jac a F s ≤ 1, the maximality expressed by Equation (7) implies that det D a F s = ±1, for almost every a ∈ H n C and almost every s ∈ Γ ℓ \Ω. Hence, in both cases, we have Jac a F s = 1 for almost every a ∈ H n C and almost every s ∈ Γ ℓ \Ω. The same proofs of both [BFS13b, Proposition 3.2] and of [Savc, Theorem 2] imply that the coupling (Ω, m Ω ) is taut with respect to the inclusion i Γ , as desired.
Remark 3.10. Notice that in the proof of Theorem 3.9 we exploited the fact that we can evaluate the cohomology classes defined in terms of Vol n on the fundamental class. This means that the approach based on natural maps overcomes the problem discussed in [BFS13b] about the evaluation of cochains defined on the boundary which leaded the authors to prove [BFS13b, Lemma 4.6].
Remark 3.11. As a consequence of Theorem 3.9, it is immediate to verify that measurable cocycles associated to ergodic integrable self-couplings of a uniform lattice Γ ≤ PU(n, 1) are maximal in the sense of [MSb] . Indeed, being trivializable and equivalent to the standard lattice embedding, they all have maximal Cartan invariant.
We are now ready to prove the tautness of PU(n, 1), for n ≥ 2.
Theorem 1. For n ≥ 2 the group PU(n, 1) is 1-taut.
Proof. Denote the group PU(n, 1) by G. Let Γ be a uniform lattice of G. Since G is strongly ICC by [BFS13b, Proposition 2.3], we can apply [BFS13b, Proposition 2.9]. Hence it is enough to show that any integrable (Γ, Γ)-coupling is taut with respect to the standard lattice embedding. Additionally, by [BFS13b, Lemma A.5] we can restrict our attention only to ergodic integrable self-couplings of Γ. This is the content of Theorem 3.9 and we are done.
Consequences of Theorem 1 and concluding remarks
In this section we are going to prove 2 and we will discuss some consequences of this approach based on natural maps. The basic tool in the proof will be [BFS13b, Theorem 2.1] which states that if G is a unimodular, locally compact, second countable group which is 1-taut and H is L 1 -measure equivalent to G then there exists a short exact sequence 1 → K → H → H → 1 , where K is compact and H < G is closed such that G/H admits a G-invariant probability measure.
Proof of Theorem 2. We are going to propose the same proof of [BFS13b, Theorem D]. We rewrite it here for the ease of the reader. Let G = PU(n, 1) with n ≥ 2. Consider a lattice Γ < G and a finitely generated group Λ which is 1-measure equivalent to Γ. Fix a (Γ, Λ)-coupling (Ω, m Ω ) which realizes the equivalence. By [BFS13b, Lemma A.2] we know that Ω × Λ Ω * is an integrable (Γ, Γ)-coupling. By Theorem 3.9 the lattice Γ is 1-taut relative to the inclusion into G and hence Ω × Λ Ω * is taut. Additionally, recall that G is strongly ICC relative to Γ by [BFS13b, Proposition 2.3]. Hence we can apply [BFS13b, Theorem 2.6] to obtain both a continuous morphism ρ : Λ → G with finite kernal F and such that Λ = ρ(Λ) is discrete in G, and a measurable id Γ × ρ-equivariant map Ψ : Ω → G.
We need to show that Λ is actually a lattice. By [BFS13b, Theorem 2.1] we get a homomorphismρ : Λ → G with finite kernel and such thatΛ =ρ(Λ) is a lattice in G. At the same time there exists a id G ×ρ-equivariant measurable map Ψ :Ω := G × Γ Ω → G .
We are going to show that ρ,ρ are conjugate. Since G is strongly ICC, there exists an essentially unique tautening map forΩ × ΛΩ . Thus it must hold Ψ([g 1 , s 1 ])Ψ([g 2 , s 2 ]) −1 = g 1 Ψ(s 1 )(g 2 Ψ(s 2 )) −1 , almost everywhere. Equivalently it must hold Ψ(s 1 ) −1 g −1 1Ψ ([g 1 , s 1 ]) = Ψ(s 2 ) −1 g −1 2Ψ ([g 2 , s 2 ]) , almost everywhere and hence both sides are essentially equal to an element g 0 ∈ G. It follows that gΨ([g, s]) = Ψ(s)g 0 , for almost every g ∈ G, s ∈ Ω. The equivariance of both Ψ andΨ implieŝ ρ(λ) = g 0 ρ(λ)g −1 0 , for every λ ∈ Λ and the first statement of the theorem is proved. We now sketch the description of the push-forward measure Ψ * m Ω with respect to the map Ψ, as in [BFS13b] . Since Ψ * m Ω is Γ × Λ-invariant, on one hand we have a finite Γ-invariant measure µ on G/Λ and, on the other hand, a finite Λ-invariant measure ν on Γ\G. In addition, the ergodicity of m Ω implies the ergodicity of both µ and ν. We can consider the homogeneous space Z = G/Γ × G/Λ and we endow it with the probability measure θ := G/Γ δ gΓ × g * µdm G/Γ , which is well-defined by the Γ-invariance of µ. Notice that θ is invariant and ergodic with respect to the diagonal action of G on Z. Since G is a connected group generated by unipotent elements, Ratner's Theorem implies that θ is a homogeneous measure. Hence there exists a connected Lie subgroup L ≤ G × G containing the diagonal ∆(G), a point z ∈ Z such that the stabilizer Stab L (z) is a lattice in L and θ is the push-forward of the quotient measure on the orbit L.z. Being G simple, either L = G × G or L = ∆(G).
The goal is to describe µ using the same strategy of [Fur99a, Lemma 4.6].
In the first case L = G × G and the measure θ is the quotient measure on G/Γ × G/Λ. Hence µ is a quotient measure for G/Λ and Λ is a lattice in G.
In the second case Stab L (z) is a lattice in L = ∆(G), whence θ and hence µ are atomic measures. By the ergodic action of Γ on G/Λ, the measure µ must be supported on a finite Γ-orbit of a point g 0 Λ ∈ G/Λ. It follows that Γ ∩ g −1 0 Λg 0 has finite index in Γ. Upon a suitable multiplication of Ψ and conjugation of ρ, we can suppose that Ψ * m Ω is equally distributed on the double coset Γ · e G · Λ and that Γ and Λ are commensurable lattices.
We conclude by remarking the fact that we did not use the fact that the hyperbolic space was defined over the complex or any other specific properties of the group PU(n, 1). Thus the same proof can be adapted to every rank-one Lie group of noncompact type. In particular this offers us both another possibility to prove [BFS13b, Theorem B] (except for the case n = 3, since this would require a bound on the 2-Jacobian of the natural map) and a different way of proving 1-tautness of PSp(n, 1) withouth passing through the 2-tautness.
Corollary 4.1. Let G(n) be either PO(n, 1), PU(n, 1) or PSp(n, 1). If H n K is the associated hyperbolic space, denote by d = dim R K. Assume d(n − 1) ≥ 2. Then G(n) is 1-taut.
In other words, we could say that in this paper we proved in a unified way that all rank-one Lie groups of non-compact type are 1-taut.
